INTRODUCTION
It is well-known that pionic and kaonic hydrogen in the ground state play an important role for the investigation of low-energy strong interactions [1] . Pionic and kaonic hydrogen are the bound states, where the electron is replaced by a negatively charged π − -meson and K − -meson, respectively. Since the π − and K − mesons are unstable under weak decays into the leptonic pairs ℓ −ν ℓ , where ℓ − is either the electron e − or muon µ − and ν ℓ is the antineutrino with the electronν e or muoñ ν µ flavour, the lifetimes of mesic hydrogens should be restricted by the lifetimes of mesons. The lifetimes of the free π − and K − mesons are equal to τ π − = 2.60 × 10 −8 s and τ K − = 1.24 × 10 −8 s, respectively [2] . However, one can assume that these lifetimes do not define real lifetimes of pionic and kaonic hydrogen in the ground state. Since a negatively charged meson is bound, this can probably change the lifetime of mesic hydrogen. In addition mesic hydrogen can have also the decay channels different to the emission of the free leptonic pairs ℓ −ν ℓ only. Indeed, mesic hydrogen, which we denote as H m → H ℓ +ν ℓ , where H ℓ is hydrogen with a bound lepton ℓ − .
In this letter we calculate the continuum-and bound-state ℓ − -decay rates of mesic hydrogen in the ground state. According to the classification of the β-decays [3, 4] , these are allowed ℓ − -decays with the selection rule ∆J P = 0 + .
The calculation of the continuum-and boundstate ℓ − -decay rates of mesic hydrogen in the ground state we carry out in the standard theory of weak interactions of hadrons [5] using the technique developed in [6, 7] for the analysis of the decay rates of the H-like and He-like heavy ions. The weak interaction Hamilton density operator we take in the form [5] 
where G F = 1.166 × 10 −11 MeV −2 is Fermi's weak constant, V uq is an element of the CKM-matrix with q = d or s for the π − or K − meson, respectively, equal to V ud = 0.97377 and V us = 0.22570 [2] , J a+ib µ (x) is a hadronic current with V − A structure and SU f (3)-flavour indices a = 1, 4 and b = 2, 5 for the π − and K − meson decays, respectively, ψ ℓ (x) and ψ ν ℓ (x) are the field operators of the ℓ − -lepton and the anti-neutrino (neutrino) with the ℓ-lepton flavour.
The wave function of mesic hydrogen in the ground state we take in the following form [8] 
where Φ 1s ( k ) is the wave function of mesic hydrogen in the 1s ground state in the momentum representation [9] , c † m ( k ) and a † p ( p, σ) are creation operators of the meson m and the proton, respectively. The operators of creation and annihilation of mesons and protons obey standard relativistic covariant commutation and anticommutation relations, respectively [8] . The energy of mesic hydrogen is defined by E H 
Since the wave function Φ 1s ( k ) is normalised to unity [9] 
the wave function Eq.(2) has a standard relativistic invariant normalisation [8] H (1s)
Using these definitions we can proceed to calculating the continuum-and bound-state ℓ − -decay rates.
CONTINUUM-STATE ℓ − -DECAY RATE OF MESIC HYDROGEN IN THE GROUND STATE
The T-matrix of weak interactions, taken to first order in perturbation theory, is equal to [5] 
For the H (1s)
where
, K ) are the 4-momenta of the anti-neutrino, the lepton ℓ − , the proton and mesic hydrogen, respectively. The lepton ℓ − , the proton and mesic hydrogen have the polarisations σ ℓ , σ p and σ, respectively, the anti-neutrino is polarised along its 3-momentum k ν with σ ν = + 
The matrix element
, which we calculate in the center of mass frame of mesic hydrogen, takes the form of the product of the
, whereū ℓ and vν ℓ are Dirac bispinors of the lepton ℓ − and the anti-neutrinoν ℓ , respectively, and the matrix element of the hadronic current p|J a+ib µ (0)|mp . The p|J a+ib µ (0)|mp contains disconnected and connected parts
The disconnected part takes the form (10) and gives the main contribution to the continuumstate ℓ − -decay rate. The contribution of the connected part, which we define in Appendix A, is smaller compared to the disconnected one.
As a result the amplitude Eq. (8), defined by the disconnected part of the matrix element of the hadronic current, is [6, 8] 
The matrix element part 0|A a+ib µ (0)|m(− k p ) we take in the standard form [2] (see also [5, 10] 
where The decay rate of the continuum-state ℓ − -decay is defined by [7] 
Substituting Eq. (14) into Eq. (13) we arrive at the decay rate
For the integration over the phase volume of the lepton ℓ −ν ℓ pair we use the formula
where 
where we have used the normalisation condition Eq.(4) for the wave function Φ 1s ( k p ). At the neglect of the binding energy M m = m m + ǫ 1s ≃ m m the obtained continuum-state ℓ − -decay rate coincides with the ℓ − -decay rate of a free m-meson [5] .
BOUND-STATE ℓ − -DECAY RATE OF MESIC HYDROGEN IN THE GROUND STATE
In the bound-state ℓ − -decay of mesic hydrogen H → H ℓ +ν ℓ , we get hydrogen H ℓ with the lepton ℓ − , which is practically in the bound (ns) state [7] , where n is the principal quantum number, and the anti-neutrinoν ℓ . Due to the hyperfine interaction [11] hydrogen H ℓ can be in the hyperfine (ns) F states with atomic spin F = 0 and F = 1 [7, 11] . The contribution of the excited nL-states with L > 0, where L = 1, . . . , n − 1 is the angular momentum, is negligible small. Nevertheless, for the calculation of the bound-state ℓ − -decay rate we will analyse the contribution of all excited nLM L -states of hydrogen H ℓ , where M L = 0, ±1, . . . , ±L is the magnetic quantum number. We will show that the main contribution comes from the ns-states only.
The wave function of hydrogen H ℓ in the nLM Lstate we take in the form [12] - [14] 
+ q 2 and q are the energy and the momentum of hydrogen, M H (n) ℓ = m p + m ℓ + ǫ n is the mass of hydrogen and ǫ n is the binding energy of the nL-state, φ nLML ( k ) is the wave function of the nLM L -state in the momentum representation [9] (see also [12] - [14] ).
For the amplitude of the bound-state ℓ − -decay we obtain the following expression
where ϕ † σ ℓ and χν ℓ are the spinorial wave functions of the lepton ℓ − and the anti-neutrinoν ℓ , respectively, and σ µ = (1, − σ ). The contribution of the matrix element of the hadronic current we define only by the disconnected part (see Appendix A).
Using the standard expression for the matrix element of the axial-vector current [2, 10] 
where we have proceeded to the coordinate representation [6] (see also [7] ) and used the obvious approximation E m ≃ M m = m m + ǫ 1s , as the main contribution to the integral over k is defined by the region | k | ∼ 1/a B = αµ m . Since de Broglie wave length of the anti-neutrino is smaller compared to the Bohr radius of mesic hydrogen, the main contribution to the spatial integral comes from the origin. This gives
where ψ n00 (0), the wave function of hydrogen H ℓ in the ns-state at the origin, is equal to ψ n00 (0) = α 3 µ 3 ℓ /πn 3 with the reduced mass of the ℓ − p pair µ ℓ = m ℓ m p /(m p +m ℓ ). This testifies that the main contributions to the bound-state ℓ − -decay rate of mesic hydrogen come from the (ns)-states, which are splitted into the hyperfine (ns) F -states with F = 0 and F = 1, respectively.
The bound-state ℓ − -decay rate of mesic hydrogen is defined by [7] 
The calculation of the r.h.s. of Eq. (23) is rather straightforward and the result is
where ζ(3) = 1.202 is the Riemann function, appearing as a result of the summation over the principal quantum number n, and E ν is equal to
For the calculation of λ ℓ [7] . The advantage of the ℓ − -decays of pionic and kaonic hydrogen is that the hadronic matrix elements, equivalent to the nuclear matrix elements for the weak decays of heavy ions, can be calculated explicitly within current algebra and the PCAC hypothesis for the π − and K − mesons [10] . We have shown that the decay rates of the continuum-state ℓ − -decays of pionic and kaonic hydrogen practically coincide with the decay rates of the free π − and K − meson. This means that the Coulomb interaction, responsible for the existence of pionic and kaonic hydrogen, is not enough to influence considerable on the lifetime time of bound mesons. As a result the lifetimes of pionic and kaonic hydrogen should be restricted by the lifetimes of the free π − and K − mesons. The Coulomb corrections to the continuum-state ℓ − -decay rate, caused by the Coulomb interaction between the proton and lepton ℓ − in the final pℓ −ν ℓ state, can be described by the Fermi function [3, 4] . However, for the continuum-state ℓ − -decay of mesic hydrogen the final-state Coulomb interaction between the proton and the lepton ℓ − can be neglected, since the main contribution to the integrals over the phase volume of the final pℓ This value gives a hint that the contribution of the connected part of the matrix element of the hadronic current to the continuum-state ℓ − -decay rate should be small. The correct contribution of the connected part to the continuum-state ℓ − -decay rate one can estimate from the interference of the connected and disconnected part of the matrix elements of the hadronic current. Using the result Eq.(A-7) one finds that the ratio of the continuum-state ℓ − -decay rate to the interference term should be of order 0.1 %. This shows that the main contribution to the continuum-state ℓ − -decay rate of mesic hydrogen is defined by the disconnected part of the matrix element of hadronic current. Of course, the same conclusion is valid for the bound-state ℓ − -decay rate. * Electronic address: ivanov@kph.tuwien.ac.at
